The form of the equation of motion of porous media in terms of velocities, stresses and pressure as symmetric t-hyperbolic (in the sense of Friedrichs) system has been obtained.
Introduction
The poroelasticity theory is widely used in the mechanics of rocks, biophysics, and other elds of science and technology. In particular, in endogenous geology and geophysics of the Earth's crust there are problems related to the theoretical analysis of the dynamic processes of heat and mass transfer: volume magma formation at the partial melting; the rise and evolution of uid systems, which are accompanied by ltration through a solid accommodating medium. In uid systems, convection develops under conditions, when a uid in some part is in the critical state. In solving petrological tasks, it is necessary to analyze multicomponent multiphase media (magma) that are in the thermodynamic state, which corresponds to the liquidus surface. In this case, to describe the dynamics of intrusions the macroscopic examination is required to introduce the theory of multi-velocity continua. This requires constructing a quantitative theory that re ects the characteristics of the above-mentioned class of geological problems [1] .
In most cases, in the hydrological problems of calculation of ltering uids through a deformable alien skeleton, the so-called Darcy formula is used:
which replaces the basic dynamic equation in the mechanics of such media. Here v is the velocity of the uid, P is the pore pressure, k is the permeability,μ is the viscosity of the uid. This relationship was obtained from laboratory experiments carried out by A. Darcy, a French engineer, in 1856. These experiments were based on the analysis of the uid ow at a given predetermined pressure.
In this paper, we obtain the representation of the equation of motion of porous media in terms of velocities, stresses and pressure in the form of symmetric thyperbolic (in the sense of Friedrichs) system.
A nonlinear system of continual ltration theory
In [1] , based on the conservation laws, the invariance of the Galileo transformation the quasi-linear equations of the uid motion, and consistent with the thermodynamic equilibrium conditions, a nonlinear mathematical model (continual ltration theory or poroelasticity theory) of the uid ow through an elastically deformable porous medium was constructed:
e = e (ρ, S, j , g ik ).
In this case, the energy conservation law is:
and the mass conservation law of the elastic porous body:
are not a part of a complete system of equations, as they are the consequence of the initial system. The latter functional dependence which is the equation of state, should be set and it closes system (1) in the presence of energy dissipation. In other words, the structure of the equations of system (1) is such that an arbitrary nature of the interaction of subsystems of the equation of motion is quasilinear. General conservation laws are ful lled with the validity of the main thermodynamic identity:
where e is the internal energy per volume unit, the rst two terms correspond to the thermodynamic relation for the energy di erential of immovable uid provided its volume is constant. The third term expresses the fact that a relative velocity is the energy derivative with respect to a relative momentum [2] . The fourth term is the elastic energy, j = ρs (u − v) is the relative momentum density, u is the velocity of motion of the elastic porous medium with the partial density ρs, ρ l is the partial density of the uid, η, α ik , (i, k = , , ), ζ lm (l, m = , ) are the kinetic coecients which are functions of the variables determining the local thermodynamic state of the system, S is the entropy per volume unit, ρ is the density, T is the temperatureμ is the chemical potential, h ik are components of the stress tensor , g ik are components of the metric tensor of the elastic deformation, δ ik is the Kronecker symbol,
, R is the dissipative function, e is the energy per volume unit [2] :
In [3, 4] , it is shown that system (1) reduces to the symmetric form in the case when the chemical potentialμ is the sum of two functionsμ andμ , whereμ is a function of temperature alone, andμ is a function of other variables. In the equation of motion of the uid, omitting the inertial and deformation e ects, we obtain the nonlinear Darcy law:
In [4, 5] , the existence of four types of sound oscillations is revealed: two transverse (their properties are the same as those in an isotropic medium) and two longitudinal. In the isotropic case, a di erence of the linearized system of equations (1) from well-known equations of the FrenkelBiot type [6, 7] , is described by the three elastic constants [4, 5] . These elastic parameters in a one-to-one manner are expressed by the three velocities (c t , cp , cp ) of elastic oscillations [8] , [9] , [10] :
This fact is important for the numerical simulation the elastic wave propagation in porous media, when the velocity distribution of seismic waves, of physical densities of the matrix and the uid, as well as of porosity are known.
The representation of poroelasticity dynamic equations as a symmetric t-hyperbolic system
The linearized system of equations (1) is the following [4, 5] :
Here
are the physical densities of the solid matrix and uid, respectively, ρ α > is the module of volumetric compression of a uid component of a heterophase medium, the index "0" denotes values of the corresponding equilibrium quantities. Before stating the result obtained, we give the de nition of symmetric thyperbolic operator (in the sense of Friedrichs) [11, 12] : De nition. A matrix linear rst order di erential operator
is called symmetric t-hyperbolic (in the sense of Friedrichs) in the domain Ω ⊂ R which is a 4D Euclidean space if for all (t, x) ∈ Ω the matrices A = A (t, x),
The following theorem is valid: Theorem. The poroelasticity dynamic system of equations (2) can be represented in the symmetric t-hyperbolic form.
Proof. Let us introduce the new unknowns of the functioñ
After elimination of divu, system (2) will be rewritten in terms of u, v,σ ik and p as
By the direct calculation, it is easy to verify that
Let us denote by λs, µs the Lame coe cients of a homogeneous isotropic body and Ks = λs + µs.
Using the formula [5] lim
from (5) we also obtain that the porosity d tends to zero:
Taking into account (6) , from (5) we obtain that the porosity tends to zero
which coincides with the elasticity theory formulas (see, e.g. [12] ) di erentiated with respect to time.
Introducing the vector
we rewrite system (3)-(6) in vector form
, is a symmetric matrix with the following entries:
; all other entries are zeroes. Ma- If we show that the matrix A is positive de nite, system (7) will be symmetric t-hyperbolic (in the sense of Friedrichs). Taking into account the positiveness of partial densities of the matrix ρ ,s and uids ρ ,l , as well as the shear modulus µ, it is su cient to show positive de niteness of the matrix
Carrying out the direct calculations we make sure that Thus, system (7) is symmetric t-hyperbolic.
Remark. The standard technique generalizes the results obtained to the case of variable coe cients of system (2) [13] .
Conclusion
The form of the equation of motion of porous media in terms of velocities, stresses and pressure as a symmetric t-hyperbolic system (in the sense of Friedrichs) has been obtained. The symmetric hyperbolic form of representing the considered model allows obtaining a simple proof of the uniqueness and continuous dependence of a solution to the initial boundary value problem with dissipative boundary conditions on the Cauchy data. This also gives a possibility to apply well developed numerical methods to solving dynamic equations of the poroelasticity.
